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1 Single harmonic Oscillator

The hamiltonian operator is

Ĥ =
p̂2

2M
+
Cû2

2
, (1)

where û and p̂ are the position and the momentum operator. These operators satisfies the following
commutation relation:

[û, p̂] ≡ ûp̂− p̂û = i (2)

Then we introduce the creation- and anihiration- operator (b̂† and b̂) as follows

û ≡ 1

(4MC)1/4
(b̂+ b̂†), (3)

p̂ ≡
(
MC

4

)1/4

(−ib̂+ ib̂†). (4)

The commutation relation of b̂† and b̂

[b̂, b̂] = 0, [b̂, b̂†] = 1 (5)

lead to the orignal commutation relation of û and p̂ as

[û, p̂] =
i

2
(−[b̂, b̂] + [b̂, b̂†]− [b̂†, b̂] + [b̂†, b̂†]) = i, (6)

and the hamiltonian becomes

Ĥ =
1

4

(
(MC)1/2

M
(−ib̂+ ib̂†)(−ib̂+ ib̂†) +

C

(MC)1/2
(b̂+ b̂†)(b̂+ b̂†)

)
=

1

2

(
C

M

)1/2

(b̂b̂† + b̂†b̂) = ω

(
b̂†b̂+

1

2

)
, (7)

where ω ≡ (C/M)1/2

2 Coupled Harmonic Oscillator

The hamiltonian operator is

Ĥ =
1

2

∑
s

p̂2s
Ms

+
1

2

∑
ss′

ûsCss′ ûs′ , (8)
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where ûs and p̂s are the position and the momentum operator. These operators satisfies the following
commutation relation:

[ûs, p̂s′ ] ≡ iδss′ . (9)

Then, we introduce the creation- and anihiration- operator (b̂†ν and b̂ν) as follows

ûs ≡
∑
ν

vsν
(Msων)1/2

(b̂ν + b̂†ν), (10)

p̂s ≡
∑
ν

(Msων)1/2vsν(−ib̂ν + ib̂†ν), (11)

where vsν and ω2
ν are eigenvectors and eigenvalues of rescaled force constant as∑

s′

Css′

(MsMs′)1/2
vs′ν = ω2

νvsν (12)

The commutation relation of b̂†ν and b̂ν

[b̂ν , b̂ν′ ] = 0, [b̂ν , b̂
†
ν′ ] = δνν′ (13)

lead to the orignal commutation relation of ûs and p̂s as

[ûs, p̂s′ ] =
∑
νν′

vsνvs′ν′
i

2
(−[b̂ν , b̂ν′ ] + [b̂ν , b̂

†
ν′ ]− [b̂†ν , b̂ν′ ] + [b̂†ν , b̂

†
ν′ ]) = i

∑
ν

vsνvs′ν = iδss′ , (14)

and the hamiltonian becomes

Ĥ =
1

2

∑
νν′

(ωνων′)1/2(−ib̂ν + ib̂†ν)(−ib̂ν′ + ib̂†ν′)
∑
s

Ms

Ms
vsνvsν′

+
1

2

∑
νν′

(b̂ν + b̂†ν)(b̂ν′ + b̂†ν′)
1

(ωνων′)1/2

∑
ss′

vsν
Css′

(MsMs′)1/2
vs′ν′

=
1

2

∑
νν′

(ωνων′)1/2(−b̂ν b̂ν′ + b̂ν b̂
†
ν′ + b̂†ν b̂ν′ − b̂†ν b̂

†
ν′)
∑
s

vsνvsν′

+
1

2

∑
νν′

(b̂ν b̂ν′ + b̂ν b̂
†
ν′ + b̂†ν b̂ν′ + b̂†ν b̂

†
ν′)

ω2
ν′

(ωνων′)1/2

∑
s

vsνvsν′

=
1

2

∑
ν

ων(b̂ν b̂
†
ν + b̂†ν b̂ν) =

∑
ν

ων

(
b̂†ν b̂ν +

1

2

)
, (15)

3 Periodic Coupled Harmonic Oscillator

The hamiltonian operator is

Ĥ =
1

2

∑
Tsα

p̂2Tsα
Ms

+
1

2

∑
TsαT′s′α′

ûTsαCTsαT′s′α′ ûT′s′α′ , (16)

where ûTsα and p̂Tsα are the position and the momentum operator. These operators satisfies the
following commutation relation:

[ûTsα, p̂T′s′α′ ] ≡ iδTT′δss′δαα′ . (17)
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The Fourier-transformed operators are defined as follows:

Ûqsα ≡
1

N
1/2
C

∑
T

ûTsαe
iq·T, P̂qsα ≡

1

N
1/2
C

∑
T

p̂Tsαe
iq·T (18)

ûTsα =
1

N
1/2
C

∑
q

Ûqsαe
−iq·T, p̂Tsα =

1

N
1/2
C

∑
q

P̂qsαe
−iq·T, (19)

where NC is the number of cells within the Born—von Karman boundary condition. They also satisfy
the commutation relation.

[Ûqsα, P̂
†
q′s′α′ ] =

1

NC

∑
TT′

eiq·Te−iq
′·T′

[ûTsα, p̂T′s′α′ ] = i
1

NC

∑
T

ei(q−q
′)·Tδss′δαα′ (20)

= iδqq′δss′δαα′ . (21)

The hamiltonian becomes

Ĥ =
1

2NC

∑
qq′Tsα

P̂qsαP̂q′sαe
i(q+q′)·T

Ms
+

1

2NC

∑
qq′sαs′α′

ÛqsαÛq′s′α′

∑
TT′

CTsαT′s′α′eiq·Teiq
′·T′

=
1

2

∑
qq′Tsα

P̂ †qsαP̂qsα

Ms
+

1

2NC

∑
qq′sαs′α′

ÛqsαÛq′s′α′

∑
TT′

C0sα(T′−T)s′α′eiq
′·(T′−T)ei(q+q′)·T

=
∑
q

(
1

2

∑
sα

P̂ †qsαP̂qsα

Ms
+

1

2

∑
sαs′α′

Û†qsαC̃qsαs′α′Ûqs′α′

)
, (22)

where

C̃qsαs′α′ ≡
∑
T

C0sαTs′α′eiq·T (23)

With the same discussion in the previous section, we obtain the following results:

Ûqsα ≡
∑
ν

vsαqν
(Msωqν)1/2

(b̂qν + b̂†qν), (24)

P̂qsα ≡
∑
ν

(Msωqν)1/2vsαqν(−ib̂qν + ib̂†qν), (25)

∑
s′α′

C̃qsαs′α′

(MsMs′)1/2
vs′α′qν = ω2

qνvsαqν (26)

Ĥ =
∑
qν

ωqν

(
b̂†qν b̂qν +

1

2

)
(27)

[Ûqsα, P̂
†
q′s′α′ ] =

∑
νν′

vsαqνv
∗
s′α′q′ν′

i

2
(−[b̂qν , b̂q′ν′ ] + [b̂qν , b̂

†
q′ν′ ]− [b̂†qν , b̂q′ν′ ] + [b̂†qν , b̂

†
q′ν′ ])

= iδqq′

∑
ν

vsαqνv
∗
s′α′q′ν = iδqq′δss′δαα′ , (28)

4 Electron-phonon vertex

Electron-nuclear Hamiltonian in 2nd quantization representation

Ĥen =
∑
σ

∫
d3rψ̂σ(r)†ψ̂σ(r)V (r; {R̂Tsα}), (29)
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where R̂Tsα is the position operator of nuclear as

R̂Tsα = R0
Tsα + ûTsα, (30)

R0
Tsα is equiribrium position.

We expand V (r; {R̂Tsα}) arround R0
Tsα and obtain

Ĥen =
∑
σ

∫
d3rψ̂σ(r)†ψ̂σ(r)V (r; {R0

Tsα}) +
∑
σ

∫
d3rψ̂σ(r)†ψ̂σ(r)

∑
Tsα

∂V (r; {R0})
∂R0

Tsα

ûTsα +O(u2).

(31)

The first term is the interaction between electron and fixed nuclear, and the second term is the
electron-phonon interaction Ĥep. By expanding ψ̂σ with Bloch orbitals ϕnk

ψ̂σ(r) =
∑
nk

ϕnk(r)ĉnkσ, (32)

we obtain

Ĥep =
∑

σnn′kk′Tsα

ĉ†nkσ ĉn′k′σûTsα

∫
d3rϕ∗nk(r)ϕn′k′(r)

∂V (r; {R0})
∂R0

Tsα

. (33)

By using Eqs (19, 24) and ϕnk(r) ≡ N−1/2C eik·rχnk(r), we obtain

Ĥep =
∑

σnn′kk′qν

ĉ†nkσ ĉn′k′σ(b̂qν + b̂†qν)gqνnkn′k′ , (34)

where gqνnkn′k′ is the electron-phonon vertex as

gqνnkn′k′ ≡
∑
Tsα

e−iq·T
vsαqν

(N3
CMsωqν)1/2

∫
d3rei(k

′−k)·rχ∗nk(r)χn′k′(r)
∂V (r; {R0})
∂R0

Tsα

=
∑

TT′sα

e−iq·T
vsαqν

(N3
CMsωqν)1/2

∫
cell

d3rei(k
′−k)·(r+T′)χ∗nk(r)χn′k′(r)

∂V (r + T′; {R0})
∂R0

Tsα

=
∑
T

ei(k
′−k−q)·T

∑
T′sα

vsαqν
(N3

CMsωqν)1/2

∫
cell

d3rei(k
′−k)·(r+T′−T)χ∗nk(r)χn′k′(r)

∂V (r; {R0})
∂R0

(T−T′)sα

= δk′,k+q

∑
sα

vsαqν
(NCMsωqν)1/2

∫
cell

d3rχ∗nk(r)χn′k+q(r)
∑
T

eiq·(r−T) ∂V (r; {R0})
∂R0

Tsα

. (35)

If we use VKS alternative to V , we obtain the screened electron-phonon vertex. The screened defor-
mation potential

∑
T e

iq·(r−T)∂VKS(r; {R0})/∂R0
Tsα is obtained as a biproduct of DFPT calculation.

This deformation potential has lattice periodicity as∑
T

eiq·(r+T′−T) ∂V (r + T′; {R0})
∂R0

Tsα

=
∑
T

eiq·(r−T) ∂V (r; {R0})
∂R0

Tsα

(36)

5 Density functional perturbation theory for lattice

Force constant

CTsαT′s′α′ ≡ ∂2E

∂R0
Tsα∂R

0
T′s′α′

= − ∂FTsα

∂R0
T′s′α′

=
∂

∂R0
T′s′α′

(
−FC

Tsα +

∫
d3rρ(r)

∂V (r; {R0})
∂R0

Tsα

)
=

∂2EC

∂R0
Tsα∂R

0
T′s′α′

+

∫
d3rρ(r)

∂2V (r; {R0})
∂R0

Tsα∂R
0
T′s′α′

+

∫
d3r

∂ρ(r)

∂R0
T′s′α′

∂V (r; {R0})
∂R0

Tsα

(37)
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Dynamical materix

C̃qsαs′α′ ≡
∑
T

C0sαTs′α′eiq·T

=
∑
T

eiq·T
(

∂2EC

∂R0
sα∂R

0
T′s′α′

+

∫
d3rρ(r)

∂2V (r; {R0})
∂R0

0sα∂R
0
Ts′α′

)
+

∫
d3r

∂V (r; {R0})
∂R0

0sα

∑
T

eiq·T
∂ρ(r)

∂R0
Ts′α′

(38)

Monochromatic perturbation∑
T

eiq·T
∂ρ(r)

∂R0
Tsα

= 2
∑
Tnk

eiq·T
(
∂ϕ∗nk(r)

∂R0
Tsα

ϕnk(r) + ϕ∗nk(r)
∂ϕnk(r)

∂R0
Tsα

)
= 2

∑
Tnk

eiq·T
(
∂χ∗nk(r)

∂R0
Tsα

χnk(r) + χ∗nk(r)
∂χnk(r)

∂R0
Tsα

)
= 2eiq·r

∑
Tnk

eiq·(T−r)
(
∂χ∗nk(r)

∂R0
Tsα

χnk(r) + χ∗nk(r)
∂χnk(r)

∂R0
Tsα

)
(39)

(
−∇

2

2
+ VKS(r)− εnk

)
∂ϕnk(r)

∂R0
Tsα

=

(
∂εnk
∂R0

Tsα

− ∂VKS(r)

∂R0
Tsα

)
ϕnk(r)(

− (ik +∇)2

2
+ VKS(r)− εnk

)
∂χnk(r)

∂R0
Tsα

=

(
∂εnk
∂R0

0sα

− ∂VKS(r)

∂R0
Tsα

)
χnk(r)

∑
T

eiq·(T−r)
(
− (ik +∇)2

2
+ VKS(r)− εnk

)
∂χnk(r)

∂R0
Tsα

=
∑
T

eiq·(T−r)
(
∂εnk
∂R0

0sα

− ∂VKS(r)

∂R0
Tsα

)
χnk(r)

(
− (ik + iq +∇)2

2
+ VKS(r)− εnk

)∑
T

eiq·(T−r)
∂χnk(r)

∂R0
Tsα

=

(
NCδq0

∂εnk
∂R0

0sα

−
∑
T

eiq·(T−r)
∂VKS(r)

∂R0
Tsα

)
χnk(r).

(40)

Each component has lattice periodicity∑
T

eiq·(T−r−T
′) ∂χnk(r + T′)

∂R0
Tsα

=
∑
T

eiq·(T−r)
∂χnk(r)

∂R0
Tsα

(41)

∑
T

eiq·(T−r−T
′) ∂VKS(r + T′)

∂R0
Tsα

=
∑
T

eiq·(T−r)
∂VKS(r)

∂R0
Tsα

(42)

Deformation potential is computed as follows:∑
T

eiq·(T−r)
∂VKS(r)

∂R0
Tsα

=
∑
T

eiq·(T−r)
{
∂V (r)

∂R0
Tsα

+

∫
d3r′

(
δVH(r)

δρ(r′)
+
δVXC(r)

δρ(r′)

)
∂ρ(r′)

∂R0
Tsα

}
=
∑
T

eiq·(T−r)
{
∂V (r)

∂R0
Tsα

+

∫
d3r′

(
1

|r− r′|
+ fXC(r, r′)

)
∂ρ(r′)

∂R0
Tsα

}
=
∑
T

eiq·(T−r)
∂V (r)

∂R0
Tsα

+

∫
d3r′eiq·(r

′−r)
(

1

|r− r′|
+ fXC(r, r′)

)∑
T

eiq·(T−r
′) ∂ρ(r′)

∂R0
Tsα

(43)

5


